Piezoelectric actuators are the potential actuators having a wide range of applications in smart structures and systems. However, the presence of hysteresis nonlinearity leads to degradation in their performance. This paper discusses a mathematical model for hysteresis in piezoelectric actuators based on domain wall bending and translation 1 . The validity of the model has been illustrated through comparison with the experimental observations of piezoelectric stack actuator developed using PZT5H material.
Differential susceptibility at coercive field
. INTRODUCTION
Piezoelectric actuators are useful in defence, as well as, in industrial applications for small deflection positioning system because of a number of advantages. However, their major limitation is hysteresis nonlinearity inherently present in input-output behaviour, which resulted in lack of accuracy in control system and ultimately led to degradation in their performance 1,2 . The maximum error was about 10-15 per cent of path covered for piezoelectrce actuators in openloop control system. Reliable prediction of actuator output, considering the hysteresis, would be a valuable tool when piezoelectric actuator is employed as a part of control system. To overcome the nonlinear hysteresis, it must be ascertained and eventually quantified.
In an effort to provide a model, incorporating the aspects of underlying physical mechanism, theory of piezoelectric hysteresis has been considered, which is based on domain wall dynamics and quantification of energy losses due to internal inclusions in the material 3, 4 . The model presented here follows three steps, first, constitutive relations were obtained through consideration of Langevin, Ising spin model with domain interaction incorporated through mean field relations which yielded an anhysteretic model. In the second step, hysteresis is incorporated through consideration of domain wall dynamics and quantification of energy losses due to inherent inclusions of pinning sites within the material. In the third step, parameter determination has been done.
. HYSTERESIS MODELLING

Takacs
5 has discussed the evolution of various models used for hysteresis. The nature of hysteresis models for piezoceramic material can be roughly categorised into three categories, (i) microscopic theories based on quantum mechanics, classical elasticity, (ii) macroscopic theories based on phenomenological concepts, and (iii) semi-macroscopic theories, which are derived using a combination of two approaches. These theories are discussed here.
Microscopic Theory
Microscopic theory has described the previous polarisation process at domain level, and is based on a theory, which represented energy as a function of polarisation and temperature. Kuebler 6 has shown that polarisation and electric field can be related to each other and represented as a function of electric field
which also included various dynamic parameters of polarisation reversal such as switching current, switching time, switching resistance. Drougard 7 has experimentally shown that polarisation switching current (i s ) is not only dependent on the applied field but also upon state of polarisation of the crystal:
where (p) has taken into account the back history. Microscopic models at atomic or lattice level involved a large number of parameters and constants, and hence are often difficult to employ in control design. Secondly, the mechanism of domain configuration and switching process are still not well-understood. Hence, it is difficult at present to put up a model from microscopic point of view.
Macroscopic Theory
Macroscopic theory can be formulated in terms of external parameters, like electric field, stress, strain, and temperature. Such theories have been employed when underlying physics is difficult to quantify and these models have purely mathematical characterisation 5,12 .
Semi-macroscopic Theory
Semi-macroscopic models are based on some of the fundamental concepts put forward by both microscopic theories and macroscopic theories. A hysteresis model is discussed here, which is based on quantification of domain wall movements. The model presented here quantifies the resulting hysteresis through consideration of energy required to translate domain walls and break pinning site. Due to small number of parameters and physical nature of certain parameters, the model is easily updated 13 .
. ANHYSTERETIC MODELLING
One dimensional constitutive laws for piezoceramic material 13 are:
The methods for modelling functions which quantifies electric field (E) and polarisation (P) are considered. These models are based on the assumptions of orientations of lattice cells.
Langevin Model
Assuming that the material is isotropic and the cell orientation can be in any direction, prior number of dipole moments between and +d is proportional to surface area, 2 sin d , on a unit sphere. Using Boltzmann's energy relation, one gets a Langevin relation between field and polarisation 4 given as 
Ising Spin Model
The second model considered here is Ising spin model 4 , which is derived under the assumption that only two orientations are possible in a given cell, one in the direction of electric field, and other in the direction directly opposite to the field, giving tanh a Ee P P s (6)
Domain Wall Theory
This theory is based on unimpeded domain wall growth and is considered to be reversible. In this model, hysteresis is incorporated through consideration of energy losses of domain wall pinning sites.
Effect of Pinning Sites
To incorporate hysteresis under constant temperature, one quantifies the reversible and irreversible domain wall dynamics exhibited at pinning sites 14 .
This section quantifies energy required to break the pinning sites. A pinning site is broken when sufficient energy is provided to overcome a local energy barrier. A domain configuration provided in Fig.1 is considered. Here two domains are separated by domain wall situated at pinning site. P denotes the dipole moment per unit volume. In the two domains P with P is assumed to be aligned with effective filed, E e .
is the angle between the dipole moments.
As per Jiles and Atherton 14 , change in energy required to overcome pinning sites, and hence to move domain wall, is proportional to the change in energy required to align magnetic moments with field. Thus, energy required to break pinning site is given as 
Irreversible Polarisation
The respective polarisation components are denoted as reversible and irreversible polarisation 14 .
To characterise irreversible polarisation, polarisation energy for a given effective field can be taken as that observed in ideal case, minute losses necessary to overcome the local energy barriers and hence break pinning sites. Thus irreversible polarisation can be given as 
where P irr is the irreversible polarisation, P an is the anhysteretic polarisation, and on differentiation it yields:
dE dP an irr irr k P P 0 (10) ensures that energy required to break the pinning site always opposes changes in polarisation. To obtain an expression, which facilitates numerical implementation, it can be written as
On solving Eqn (11), irreversible polarisation can be obtained.
Reversible Polarisation
A basic tenet of domain wall theory for piezoelectric material is that wall exhibited bulging and motion 15 and these effects are significant and must be incorporated to obtain an accurate model. The change in energy per unit volume 16 is:
Force on domain wall for fixed field values is then
To obtain reversible polarisation due to wall movement 3 , in response to the pressure, displaced volume has to be approximated. The geometry is shown in Fig. 2 . The domain wall between the two pinning sites is considered to be separated by equal distance. The wall is assumed to bow in response to applied pressure ( P ) with a resulting curvature of radius (r), one has:
Assumming that the wall displaces a spherical solid angle, the change in volume is given by
and simplification yields: 
Total Polarisation
Thus, the total polarisation is given by
Parameter Determination
The implementation of model requires determination of five parameters , a, k, c, P s for a given material. Here quantifies the effect of dipole interaction, a incorporates relative thermal effect, k determines average energy required to break pinning sites, P s denotes theoretical saturation value beyond which polar interaction prevents further increase in polarisation. The method presented here has used the experimental data for parameter determination 17 , using differential susceptibility at various points.
Saturation polarisation (P s ) can be obtained from the available data directly. On differentiation of Eqn (17), on replacing dP irr /dE and on further simplification, one gets:
To determine dP/dE, it is necessary to know dP an /dE, the differential susceptibility which is helpful in parameter determination and finally getting results. 
Initial Susceptibility
Under limits E 0, P an 0, an is differential susceptibility at the origin. From Ising spin model and in the absence of hysteresis, where E e = E+ P an , one has: 
on relating to a. When field is reversed from saturation, only change in polarisation is due to reversible effect of polarisation, as P irr = 0.
Susceptibility at Field Reversal (E m ,P m )
The hysteresis loop behaviour at tip value is considered as E m P m . As already stated, when field is first reversed from saturation, the only change in polarisation is due to reversible effects of domain wall. When very close to saturation this can be stated as 
Coercive Field
At coercive field, E = E c and P = 0, hence differential susceptibility is: 
On substituting the values of P an (E c ) and an in the above equation, one has: (47) corresponding to initial slope.
. RESULTS AND DISCUSSION
To illustrate the performance and prediction capabilities of the model and parameter estimation, one has considered the characterisation of hysteresis in a piezoelectric stack actuator developed using disc 5 PZT5H discs of diameter 6 mm and thickness 2 mm. Experimental displacement observations have been made from stack actuator for various input voltages between -500 V to + 500 V from 2 kV switched mode power supply under free-stress condition using digital electronic gauge of 0.1 resolution. The corresponding field values have been calculated using the relation E=V/h, and have been used to predict hysteresis and resulting hysteretic E-P results. For the purpose, susceptibilities at various positions from the experimental data have been calculated and then the parameters have been determined using the formulae derived above. The various parameters used and the parameters estimated based on trial and error process are shown in Table 1 . Actuator deflection in percentage of full-scale output with electric field is shown in Fig. 3 , along with model values using estimated parameters for one set of observations. Model predictions are in close agreement with the experimental observations. 
. CONCLUSION
The study characterises the inherent hysteresis in relationship with the input field and the output polarisation through quantification of the energy required to bend and translate domain wall pinned at inclusions in the material. This provides reversible and irreversible polarisation component whose sum represents the net polarisation due to the applied field. The flexibility of the model is further augmented by the small number of parameters (five) and their physical nature. For example, saturation polarisation (P s ) can be obtained directly from the data, the reversible coefficient (c) can be estimated from the ratio of slopes of polarisation curves at field reversal. Thus, the model uses susceptibilities at various locations on hysteresis graph to determine the unknown parameters. The accuracy of the obtained model parameters depends upon the degree to which slope information at initial, remanence, coercive and extreme points, quantifies the overall behaviour of the hysteresis curve. The model with parameters estimated, has been used to characterise PZT5H stack actuator. The model can easily be updated to accommodate the changing operating conditions often encountered in control applications.
